The aerospace industry strives for accurate, physically-based and fast strength 2 prediction methods for composite laminates with stress concentrations. While 3 the two first conditions can be satisfied using appropriate non-linear finite ele-4 ment (FE) models [1] - [5] , the third one cannot. Implicit non-linear FE models 5 that include material instabilities result in severe convergence difficulties and 6 require very fine meshes with element sizes typically smaller than 1mm. The normally result in long computing times that are not acceptable for prelimi-10 nary sizing and for the optimization of aircraft structural details.
11
The most widely used design method for composite laminates with stress 12 concentrations that is suitable for preliminary sizing and optimization is the 13 point stress or the average stress models proposed by Whitney and Nuismer 14 [6] , or variations of thereof [7] . The point stress model assumes that failure 15 takes place when the stress at a given distance from the notch boundary 16 (the 'characteristic distance') reaches the unnotched strength of the laminate, 17 whereas the average stress model predicts failure when the average stress over a 18 
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Email address: pcamanho@fe.up.pt (P.P. Camanho). 5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 characteristic distance is equal to the unnotched strength of the laminate. The 19 characteristic distance must be identified from a test in a notched laminate. 20 While the point or average stress models provides reasonable predictions for 21 hole diameters close to that used for the model calibration, they have one main 22 problem: the 'characteristic distance' is not a material property, it depends on 23 both the material/lay-up and on the geometry [8] . As a result, large and 24 expensive experimental programmes are required to identify the characteristic 25 distances for the different materials and geometries. 26 An alternative method for the strength prediction of composite laminates 27 loaded in tension containing notches or cracks based on the numerical imple-28 mentation of cohesive formulations were developed Bäcklund et al. [9] - [12] . 29 The damage mechanisms that occur at the vicinity of a crack or hole are this method is based on sound mechanical models, the need for a numerical 34 implementation renders it unsuitable for fast predictions.
35
Based on the previous observations, the objective of this paper is to develop 36 a fast strength prediction method for composite laminates with circular holes 37 loaded in tension. The strength prediction method should be based on inde-38 pendently measured material properties, and it must not require any type of 39 calibration for different hole sizes or specimen widths.
40
The model developed is based on the concept of finite fracture mechanics 41 that was originally introduced by Leguillon [13] . Finite fracture mechanics 42 models assume that crack propagation results from the simultaneous fulfilment 43 of a stress-based criterion and an energy-based criterion. In addition, it is 44 considered that failure occurs by the propagation of kinematically admissible 45 cracks with finite sizes.
46
The finite fracture mechanics criteria predict failure based on two conditions 47 [14] : the stress ahead of a crack tip averaged over a distance l reaches the ma-
In addition, the energy available 49 to propagate the crack a finite distance l must be equal to a critical value 50 that is defined by the fracture toughness of the material. This condition, es-51 tablished using the stress intensity factor K and its critical value K Ic , reads 52 [14] :
53
Finite fracture mechanics models have been applied to the prediction of frac-54 ture of unidirectional composites under off-axis tension [15] , sharp V-notches 55 in isotropic materials [16] - [17] , three-point bending tests in notched and un-56 notched specimens [14] , [18] , bi-material joints [19] , and free-edge delamination 57 [20] . For the loading conditions shown in Figure 1 , and assuming that the lay-up 63 of the laminate leads to either the brittle or pull-out failure modes defined 64 by Green et al. [21] , the propagation of the macro-crack that leads to final to use an empirical 'characteristic distance' identified from one notched test 77 specimen [6] .
78
The stress distribution along the x-axis, σ yy (x, 0), is obtained as [22] :
where σ ∞ is the remote stress, K factor. These parameters are defined as [22] :
where A ij are the components of the laminate in-plane stiffness matrix [24] ,
83
and M is calculated as:
The stress intensity factor K I corresponding to two symmetric cracks emanat-
85
ing from a plate with a central circular hole is given for an isotropic plate as 86 [23] :
with: 
Observing equations (1), (2) and (6) it becomes clear why the 'characteristic 90 distance' l used in the average-stress model [6] , which corresponds to the first 91 equation in (1), cannot be a material property: the geometric terms included in 92 the solution for the stress distribution, equation (2), and in the solution for the 93 stress intensity factor, equation (6), imply that the solutions of the system of 94 equations (1) are functions of both the geometry and the material properties.
95
The fact that the 'characteristic distance' is a function of the geometry of example [8] .
98
Using (2) and (6) in (1), and dividing the second equation (1) by the square 99 of the first one yields:
The integral in the denominator of equation (10) can be solved analytically,
101
whereas the integral in the numerator cannot. Using Simpson's rule [25] to 102 numerically integrate the numerator of (10) the resulting non-linear equation
103
can be solved for l. Once l is known, it is possible to calculate the remote 104 stress at failure,σ ∞ , using one of the equations (1).
105
It should be noted that the correction factors applied to the stress intensity 106 factor should account for the orthotropy of the composite material [26] . How-107 ever, for quasi-isotropic laminates the stress intensity factor calculated using 108 (6) is accurate and no additional correction factors are required. with a nominal thickness of 3mm.
118
The finite fracture mechanics model proposed requires information about the 119 laminate lay-up, the ply elastic properties, the laminate unnotched strength 120 and the laminate mode I fracture toughness.
121
The ply elastic properties were measured in a previous investigation [5] using 122 ASTM standards [27] - [28] . The results are shown in Table 1 , where E 1 and 123 E 2 are respectively the ply longitudinal and transverse Young's modulus, G 12 124 is the ply shear modulus, and ν 12 is the ply major Poisson's ratio. property.
136
Four specimens with central cracks with a length 2a = 15mm were tested.
137
Two of the test specimens are 45mm wide and the other two are 48mm wide.
138
The specimens were loaded in tension at a rate of 2mm/min until final failure.
139
All the specimens tested failed by net-tension, with crack propagation from 140 the original central crack towards the edges of the specimen.
141
The calculation of the fracture toughness is based on the finite fracture me- following system of equations is satisfied:
For sufficiently large W/a ratios, the stress distribution used in equation (11) 145 reads:
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215
This result is consistent with the experimental results previously presented.
216
In addition, the finite fracture mechanics model predicts that for large d and 217 d/W ratios the response becomes brittle and a simple analysis based on stress 218 concentration factors would yield sufficiently accurate predictions.
219
To further illustrate how the finite fracture mechanics model can be used to 220 assess the inherent brittleness of a given material and geometry, the following 221 notch sensitivity factor is introduced:
where l is calculated from the non-linear equation (10 and the crack opening displacement.
226
The finite fracture mechanics model is used to predict the notch sensitivity 233 Figure 5 shows the relation between the notch sensitivity factor and the hole 234 diameter for the three materials considered and Figure 6 shows the corre-
235
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237
[ Fig The previous figures demonstrate that the model developed in this work is use-240 ful to assess the inherent brittleness of a given material/geometry combination.
241
The notch sensitivity factor increases with the hole size, specially for materials 
Conclusions
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